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NONLINEAR PARABOLIC EQUATIONS ON RIEMANNIAN 
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Abstract. In this paper, we derive a priori estimates for the gradient and 
second order derivatives of solutions to a class of Hessian type fully nonlinear 
parabolic equations with the first initial-boundary value problem on Riemann- 
ian manifolds. These a priori estimates are derived under conditions which are 
nearly optimal. Especially, there are no geometric restrictions on the boundary 
of the Riemannian manifolds. And as an application, the existence of smooth 
solutions to the first initial-boundary value problem even for infinity time is 
obtained. 
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1. Introduction 

Let be a compact Riemannian manifold of dimension n > 2 with smooth 

boundary dM and M := M U dM. We study the Hessian type fully nonlinear 
parabolic equation 

(1.1) /(A[VU + x],-Mt) = 

in Mt = M X (0, T] C M X R, where / is a symmetric smooth function of n + 1 
variables, denotes the Hessian of u{x,t) with respect to the space x G M, ut 

is the derivative with respect to the time t G (0,T], y is a smooth (0, 2) tensor on 
M and A[V^u + x] = (Ai,..., A„) denotes the eigenvalues of + x with respect 
to the metric g. While the first initial-boundary value problem requires: 

(1.2) u = (fi, on VMt, 

where VMt = BMtUSMt and BMt = M x {0}, SMt = dM x [0,T]. We assume 
G C4’i(Mr), G C4'1 (PMt). 

As in [3], we assume / G C°“(r) fl C°(r) to be defined on an open, convex, 
symmetric proper subcone F C with vertex at the origin and 

F"*" = {A G : each component A^ > 0, 1 < £ < n -I- 1} C F. 

In this work we assume only a few conditions on /, which are almost optimal, but 
the followings are essential as the structure conditions. We assume that / satisfies: 

df 

(1.3) /^ = ^>0inF, l<i<n + l, 

f is concave in F, 


(1.4) 


1 
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and 

(1.5) / > 0 in r, / = 0 on i9r, inf V' > 0. 

Mt 

In [5] Guan has developed some methods to derive a priori second order estimates 
under nearly optimal conditions for solutions of a class of fully nonlinear elliptic 
equations on Riemannian manifolds. More recently, Guan and Jiao [5] further 
developed the methods to cover more general elliptic equations. In this paper we 
prove the mechanism in [5] to derive second order estimates is also valid for a wild 
class of Hessian type fully nonlinear parabolic equations on Reimannian manifolds. 
Following we assume: 

(1.6) Tx n i9r“ is a nonempty compact set, for any A G F and 0 < a < /(A), 

where = {A G F : /(A) = cr} is the boundary of F'^ = {A G F : /(A) > cr} 
and T\ denotes the tangent plane at A of for a G and A G F. By 

assumptions (O and (HI), 9r°’ is smooth and convex. 

Since we need no geometric boundary conditions, we have to assume, and which 
is more convenience in application, that there exists an admissible function (see 
Section 2) w G C'^’^(Mt) satisfying 

(1.7) f{X[V'^u + x],-Ut) in Mt 

with u = if on dM x (0,T] and u < ip on M x {0}, which we call a subsolution. 
If the inequality (11.71) holds strictly, then we call u a strict subsolution. In |17) . 
Lieberman proved that there exists a strict subsolution under conditions that for 
any compact subset K of Mt x F, there exists a positive constant R{K) such that 
f{RX) > tp{x,t) for any R > R{K), {x,t,X) G K, and that there is a positive 
constant Ri such that {k,Ri) G F, where k = {kq, ..., Kn-i) is the space-time 
curvatures of SMrisee [T7]b 

Without loss of generality, we assume the compatibility condition, that is for all 
cr G M, (A[V^v^(x, 0) -I- y], -(/?t(x, 0)) G F, and 

(1.8) f{X[X7^ip{x, 0) x(a;)], -(ftix, 0)) = ijj{x, 0). 

We remark that this condition is actually ensured by the short time existence of 
solution to equation (HU and (HU). Now we can give out our main result as below. 

Theorem 1.1. Let u G C'^’^(Mt) C\C'^'^{Mt) be an admissible solution of il.ll) in 
Mt with u = ip on VMt- Suppose f satisfies (HU - (HU,. the following and (HU 
hold: 

n+1 n+1 

(1.9) ^ >-J^o(l + ^/i), VAgF. 

e=i £=i 

Then we have 

(1.10) max(|V^M| -I- \ut\) < C, 

where C >0 depends on \u\c 2 ,i(mT), \t\cI(mT)) 

known data. 
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We remark that in Theorem ll.il (11.91) is only needed when deriving second order 
boundary estimates, and there the norms are defined as below: 

IV'lc2.i(Mj^) =\i’\co(M^) + I^V'Ico(Mt) + + \i’t\co(M^)- 

For the gradient estimates, firstly from F C {A G ]R"+^ : Y^^=i ^ 0}i see 

that u is a subsolution of 

( -ht + Ah+ = 0, in Mt, 

[ h = (fi, on VMt- 

If we assume h is the solution of the above linear equation, we may easily get u < h 
on Mt by the comparison principle. On the other hand, since u is a subsolution of 
(HU) and (HU, we have u<u. Therefore, we have the 0° estimates that 

(1.12) sup |m| + sup |Vit| < C. 

Mt S Mt 

While it is evident that on BMt, we have Vu = V(p. So the following theorem 
completes the main work of this paper. 

Theorem 1.2. Suppose f satisfies (11.31) - (11.41) . Let u G nC^’^(MT) be 

an admissible solution of EU in Mt- Then 

(1.13) sup |Vu| < (7(1 + sup |Vm|), 

Mt 'P Mt 

where C depends on \4’\c'^(mL)’ I^Ico(mF) other known data, under either of 
the following additional assumptions: (i) / satisfies HU and 

n+1 

(1.14) /j(A) > ui(l + ^ /^(A)) for any A G F with Xj < 0, 

i=i 

where 1 < j < n + 1, and vi is a uniform positive constant; (ii) (II.Sp and HU 
hold, as well as that (M, g) has nonnegative sectional curvature. 

Based on the above a priori estimates and HU, equation HU becomes uni¬ 
formly parabolic equation. Then by Evans-Krylov Theorem mm, we can obtain 
the a priori ( 72 -i-a,i+a /2 estimates. Therefore it is possible to apply the theory of 
linear uniformly parabolic equations (see |17) for more) to get higher order esti¬ 
mates. We remark that, the a priori estimates in Theorem ll.il Theorem 11.21 and 
(11.121) do not depend on the time t explicitly, and as a byproduct of these estimates, 
we have the following (long time, i.e. T = oo) existence results. We note that a 
function in C°°[Mt) means that it is sufficiently smooth about {x,t) G Mr, and 
note Moo = M X {t > 0}. 

Theorem 1.3. Let if G C°°{Mt) and (p G C°°{VMt), 0 < T < oo. Suppose 
f satisfies (11.31) - (11.71) . and HU holds. In addition that either HU and (11.141) 
or {M'^,g) has nonnegative sectional curvature holds. Then there exists a unique 
admissible solution u G C°°(Mt) to the first initial-boundary value problem (11.11) 
and ()1.2I) . 

The above theorem is a direct result of the short time existence and the uniform 
estimates in Theorem 11.11 and Theorem [TU because at each beginning time we can 
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take (p = u, which enables us to assume the compatibility condition, for more one 
can see Theorem 15.9 in m- 

l/k 

Here we give some typical examples of our equation, for example / = cr^' for 
k > 2 (the reason why k cannot equal to 1 is due to condition (ll.6p . see [5]) 
and / = 1 < I < k < n + 1, both of which are defined on the 

cone Tfc = {A € : aj{X) > 0,j = 1,..., fc}, where crfc(A) are the elementary 

symmetric functions (Tfc(A) = <ik Another interesting example is 

given by / = log Pk , where 

Pk{X) = (Aij + ■ • • + Ai^), l<fc<n + l, 

defined in the cone Pk '■= {A £ : Ai^ + ■ • ■ + A^j, > 0}. 

Krylov in [14] introduced three parabolic type equations analogous to Monge- 
Ampere equation in M". One type which is studied on Riemannian manifolds by 
Jiao and Sui in m recently is 

(1.15) f{X[V‘^u + x])-ut = 'ipix,t), 

under assumptions that inf■pMT(¥’t + V') = > 0, and is concave with 

respect to x G M. This type equation in K" when / = On with x = 0 was firstly 
considered by Ivochkina and Ladyzhenskaya in m and [12]. Another type is 

(1.16) — ut det(V^it) = 

which is a typical form of our case in R"+^ with x = 0. Some other cases can be 
hned in Chou and Wang [4] or Wang [20] . 

At the end of the introduction, we describe the outline of our paper. In Section 2, 
we state some preliminaries and introduce our main tool fTheorem l2.1l) to establish 
the a priori estimates, and two propositions which are needed when deriving the 
second order estimates on boundary. In Section 3, we establish the estimates for \ut\ 
that do not depend on T explicitly, after which we have a bound for the constant 
C(e, |ut|, KToi supjy,^,^, "0) in Proposition 12.41 Then the mechanism in [S] is valid for 
the second order boundary estimates, and the global and boundary estimates for 
second order derivatives are derived in Section 4 and Section 5 respectively. In 
Section 6, we establish the interior gradient estimates as the end. 

2. Preliminaries 

From now on, we stipulate that the Latin alphabet i, j, fc, • • • are valued between 
1 and n when there is no other statement. Firstly, we give some notations and 
formulas on Riemannian manifolds, throughout the paper V denotes the Levi- 
Civita connection of Let ei,..., e„ be a local frame on M". We denote 

9ij = 9{^i^ Sj), = {gij}~^- Define the Christoffel symbols F^^- by Vg^ej = Ff^-efc 
and the curvature coefficients 

Pijkl — 9i^P'^^ky ^l)^j t ^i) Pjkl — 9 Pinjkl- 

We shall use the notation = Vg^, Vy = — F^^-V^, etc. Finally we recall 

the following formula on Riemannian manifolds 

( 2 . 1 ) ^ijk'^ ^ jik^ — 

which will be frequently used in following sections. 
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Let u be an admissible solution of equation (HU). For simplicity we define U = 
+ Xj LL = + X Slid under an orthonormal local frame ei,..., e„, we write 

U,, = U{ CijCj) = VyU + Xij- Direct calculating yields that 

^kUij =^UCj^ — ^kXij d” ^kij'^i 
VkiUij =V^U{ek, ei,ei, ej) = S/k^iVij — T^iVmUij. 


For the convenience, sometimes we denote —Ut by Un+in+i, be. Un+in+i = —Ut, 
and Uin+i = Un+ii = 0 where 1 < i < n. 

Let F be the function defined by F{A) = f{X[A]) for A S with A[A] £ F, 
where S"+i is the set of (n + 1) x (n + 1) symmetric matrices. We call a function 
u £ admissible if (A[V^u + y], —Mt) £ F in Mt- It is shown in [5] 

that m ensures that equation (HU is parabolic (i.e. {dF{A)/dAij} is positive 
definite) with respect to admissible solutions, while (11.41) implies that the function 
F is concave. For an admissible solution u £ denote 


U — \J^ij 5 — 


0 -Ut )’ 


under an orthonormal local frame ei,..., e„. Therefore equation HU can be locally 
written as 


( 2 . 2 ) 


F{U) = 


We denote 

F^ _ 


OF 

dAu 


([>), = 




dAijdAki 


([/), F^ = 


dF 


dAn+i^n+l 


(U) = fr. 


The matrix [{F^^},F'^] has eigenvalues fi,..., fn, fr and is positive definite by 
assumption HU- Moreover, when [{Uij}, —Ut] is diagonal so is [{F*d}, F'^], and as 
in [8] the following identities hold 




where X{{Uij}) = (Ai,...,A„). 

The following theorem proved in is the keystone in deriving a priori 
estimates in our paper. 


Theorem 2.1. Suppose f satisfies (11.31) . p.4l) and (11.61) . Let ^ be a compact set 
of F and supgp f < a < b < supp /. There exist positive constants 6 = OifA, [a, 6]) 
and R = [a, &]) such that for any A £ = f“\F^, when |A| > R, 

n+1 n+1 

(2.3) ^ MX)iyi, -Xi)>0 + eY hW + fiD - /(A), V/I £ 3. 

i=l t.=l 


For Vi; £ we define the linear operator C by 

Cv = F^^V.jV - F^vt. 

Choose a smooth orthonormal local frame ei,..., Cn about (xA) such that {Uij{x,f)} 
is diagonal. From Lemma 6.2 in [3] and Theorem 12.11 it is easily to prove that 
there exist positive constants 0, R depending only on u and ib such that when 
|A| = |A[f7]|>i?, 

(2.4) C{u -u)= F^\U^ - U^^) + F^[-Ut + Ut) > 0(1 + ^ F" + F"). 
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Remark 2.2. If m is a strict subsolution. Note that {A(^) : (x, t) e Mt} is contained 
in a compact subset of F, here ^ = [C/, —uj. We see that there exist constants 
e,(5o > 0 such that A[^(x,t) — eg,—u^ — e] G F for all {x,t) G Mt and F{\U_ — 
^5: —U.t — e]) > '0 + i^o- By the concavity of F, we have 

- U.j) - F^iu, - ut) > F" + F^) + <5o. 

That means (12.41) is valid in the whole Mt if u is a strict subsolution. 

The following two propositions play the key role in the second order boundary 
estimates, which are the generalized counterpart results in [5]. 

Proposition 2.3. Let F{U) = f{X{U),—Ut). There is an index 1 < r < n such 
that 

(2.5) 

Z<n i^r 

This can be proved by exactly the same method as the prove of Proposition 2.7 
in [5]. So we omit the proof. 

One more result we need is the following which actually is a combination of 
generalized Lemma 2.8 and Corollary 2.9 in [8]. The method of this proof is from 

m- 

Proposition 2.4. Suppose f = f{X{U),—Ut) satisfies p.3l) . (11.41) and (11.91) . Then 
for any index 1 < r < n and e > 0, 

(2.6) < e'^fiXj+C{e, |ut|, iFo,supV’)(l + '^fi + fr)- 

i^r 

Proof. Firstly, if A^ < 0, by (11.91) . we have 
^/,|A,| =2 ^ fiK-Y^fiX, 

Ai>0 

^ /jAi + - ^ fi + fr{ — Ut) + iFo(l + ^ fi + fr) 

Ai>0 ^ Ai>0 

<e X! + ^(^’ ^"o) max{|ut|, FToI/t- + Kq. 

i^r 

Secondly, if A^ > 0, then by mil), we have 

Ai<0 

E 7 E .C® E f^F fr + frUt + '0 — /(I) 

Ai<0 ^ Ai<0 

<e E |ut|,sup0)(l +E/» + fr) 

Xi<0 

since /(I) > 0 and where 1 = (1, • • • , 1) G This proves (12.61) . □ 
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3. ESTIMATES FOR Ut 

The assumption (11.611 is crucial for the estimates of ut- In a forthcoming paper 
we will consider the estimates of Ut without this restriction. By the compatibility 
condition m, on BMt, we have Ut = which is also valid apparently on 
dM X [0,T]. Hence we have supp^^ \ut\ < C. Now by differentiating equation 
(j2.2|) with respect to t we see that Cut = 'ipt- Let a be a positive constant to be 
determined, by (j2.4|) . if \ut \ is sufficiently large, by Theorem 12.11 we have 

(3.1) C{-Ut + a{u - u)) >-C + 00(1 + ^ F" + F^) > 0 

when a > ^. Similarly we can prove the same result holds for ut- Thus by 
maximum principle we have 

(3.2) suplutl^C. 

Mt 

here C depends on other known data. 

Therefore, the estimate for |ut| implies that the constants C(e, \ut\, Kq, supJ^^^ tp) 
in Proposition 12.41 are bounded, which enables us to apply the mechanism in [5] to 
derive the second order boundary estimates. 


4. GLOBAL ESTIMATES 

In this section, we derive a priori global estimates for the second order deriva¬ 
tives. We set 

W = max max (Vffit-I-Yff) exp(-|VuP-I-a(M — it)), 

(;E.t)eMPCeT,M,|5|=P ^^2' 

where a ^ 1 6 are positive constants to be determined later. It suffices to 

estimate W. We may assume W is achieved at {xq, to) G Mt — VMt for some unit 
vector G . Choose a smooth orthonormal local frame ei,..., e„ about xo 

such that Ciixo) = = 0, and {Uij{xo,to)} is diagonal. We may also assume 

t/ii > ... > Unn, Uii > sup^^ \ut\. Therefore W = [/ii(xo,to)e'^^““’‘‘’\ where (p = 

||Vup -|-a(M —m), and \Uii\ <n\Uii \ which derived from —ut - VUnn > 0. 

At the point (xo,to) where the function log([/ii) -|- (p attains its maximum, we 


have 


(4.1) 

V-(^ = 0 for each i = 1,..., n, 

Uii 

(4.2) 

(ViiM)t , ^ g, 

_ + > 0, 

Uii 

and 


(4.3) 

(V.[/n)V „ ,-1 

"-(L 1 c/?, 


Differentiating equation (HU) twice, we obtain 

(4.4) for 1 < A: < n, 

and 

-2F*^’"ViC/yViiq - F'Viiiq = ViiV'. 


(4.5) 
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Hence, combining (I4.1|l . (I4.2L ()4.3I1 and ()4.5I1 . and noting S/uUn > S/nUa — 
CUii (see 0 ), we have 

(4.6) C(j)<E + c(l + Y,F'') 


when Uii is sufficiently large, where 

^ F"(V,C/ii)2 + 

-uS-^-Gi- 

By some straightforward calculation, we have, at {xo,to), 

(4.7) Vi(j) = 5VjuVijUaS/i{u —u)^ (pt = SVjU^Vju)t + a{u —u)t, 

Vii(j) = 5{y ijuS/ ijU + VjuVuju) + aVu{u — u) 

(4.8) 5 , 

— ' 2 ^ii ~ 4" SyjuViijU + aSJn{u — u). 


Thus, by (14.411 and (12.111 we have. 


(4.9) 


+ aF^^\/u{u-u)-CSj2 

> + SF^VjuVjUt + aF'^^Vuhk - u) 

-C(5(1 + ^F"). 


Therefore, by (14.611 . (14.711 and (14.9p we obtain 
(4.10) aC{u -u) <F - ^-F^^Ul + (7(1 + ^ i^"). 

For fixed 0 < s < 1/3, let 


J = {i ■. Uii < —sHii, 1 < i < n}, K = {i ■. Ua > —sUu, 1 < i < n}. 


Using a result of Andrews [I] and Gerhardt [6] (see [19] also), and noting that 
Un+ij = 0 for all j = 1, 2, • • • , n, we have. 


(4.11) 


Vit/fc,+ 2F*^’"Vit/y ViMi - F^^ViUtViUt 
_ pjj 

Tpii _ f 11 

^2 E 77- 


2<i<7 


Un - Ui, 




c/s), 


where in the last inequality we used the following result which can be readily proved 
with m, that for any s € (0,1) 

(1 - s)(V,Uii)2 < (Vi[/h)2 + (7(1 - s)/s. 


(4.12) 
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From ()4.11|1 . combining (j4.1|) and that Vicj) < 5ViuUu + Ca at (xo,to), we get 
(4.13) 


ieJ 


i^K 


iGK 


< Ca^ + C ^ F’" + C{5^Ul^ + . 


i&J 


iGK 


Therefore by (14.1011 and ()4.13|1 . we finally obtain 


(4.14) 


0 > (^ - C5‘^)F^^Ul - Ca^ F’" - C{5‘^Ul^ + a^)F^ 


i€J 


+ aC{u- u) - C{1 + Yp^^)- 


Observe that 


(4.15) F"[/2 > + Y F^^Uii > F^^Ul^ + Y 

iGJ ieJ 

We may firstly choose 5 small sufficiently such that | — C6‘^ > cq > 0 . Then we 
assume C/n > i?, where R is the positive constant such that (12.41) holds and fix a 
large enough so that aC{u — u) — 0(1 + ^ 0 holds, then we would get a 

contradiction provided Un is sufficiently large from ()4.14p . Thus we get an upper 
bound for Un. 


5. BOUNDARY ESTIMATES 

Throughout this section we assume the function ip £ C^’^{VMt) is extended to 
a C^'-^ function on Mt, which is still denoted by p. 

Fix a point (xo,to) G SMt- We shall choose a smooth orthonormal local frame 
ei,..., e„ around xo such that when restricted to dM, Cn is normal to DM. Since 
u — u = 0 on SMt-, we have 

(5.1) Vap{u — =—VTi{u — y^n{ea,ep), Vl<Q;,/?<n on SMt, 

where F[ denotes the second fundamental form of dM. Therefore, 


|Vo,/3m| < C, V 1 < q;,/3 < n on SMt- 

Let p{x) denote the distance from x € M to xq, and set 

Mt = {X = {x,t) G M X (0, T] : p{x) <5, t <1^ + 5}. 

Since dM is smooth, we may also assume the distance function d{x,t) = d{x) to 
the boundary SMt is smooth in M^. 

Lemma 5.1. There exist some uniform positive constants a,6,e sufficiently small 
and N sufficiently large such that the function 


V = {u — u) + ad 


Nd^ 


satisfies 

(5.2) 


Lv < -e(l + ^ F’" + F^) in M^, v>0 on VXI^. 
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Proof. We note that to ensure u > 0 in VMs we may require <5 < 2a /N after a, N 
being fixed. It is easy to see that 

(5.3) Cv < C{u -u)+ C(a + Nd) ^ - NF^^V^dVjd. 

Fix 0 > 0 small and R > 0 large enough such that (12.41) holds at every point in 
for some fixed Jo > 0. Let A = A[C/] be the eigenvalues of U. At a fixed point 
in Ms where 5 < Jo, we consider two cases: (a) |A| < R and (b) |A| > R. 

In case (a), since \ut\ < C, by (jl.5L there are uniform bounds 

Cl/ < {F*^} < Cl/, Cl < < Cl 

for some positive constants ci,Ci, and therefore F^^VidVjd > ci since |Vd| = 1. 
Since C{u — u) <0, we may fix N large enough so that Lemma 15. 1 1 holds for any 
a, e G (0,1], as long as J is sufficiently small. 

In case (b), since F^^VidVjd > 0, by (I2.4|l and ()5.3I1 we may further require a 
and J small enough so that Lemma EH] holds. □ 

With the help of Vy (Vfcu) = VijkU + + Vvi^efeW and (l4l4|) . 

we obtain 

ICVkiu - ^)\ < 2\F^M\^V,iu\ + C(l + ^ F“ + F") 

(5.4) , X 

< ^ ^ fi + frj ■ 

According to (15.41) we have 

(5.5) C\V^{u - (^)|2 > F*^C,^C/„ - C(l + ^ /,|A| +J2h + fr). 

Let 

(5.6) F = Aiv + A2p‘^ - Aq 

7<n 

For any K > 0, since Vi{u — (p) = 0 on dM with 1 < / < n — 1, when A 2 ^ 
A 3 1, we have (A 2 — K)p^ > A 3 l^i(^ ~ in ^t- Hence we can choose 

Ai A 2 A 3 1 such that F > K{d + p^) in M^. By Proposition 12.31 and 
Proposition [2]4| and Lemma [5Al it follows that in A/|., £(F ± Va{u — <p)) < 0, and 
F ± Va(u — p) > 0 on VM^ when Ai A 2 ;g> A 3 ^ 1. By the maximum principle 
we derive F ± Va (it — </?)> 0 in and therefore 

|V„au(a;o,to)| < V„F(a;o,to) < C, ^ a < n. 

It remains to derive V„„ii < C, since —Ut + Au + J2Xii ^ For 

{x, t) G SMt, let U{x, t) be the restriction to T^dM of U(x, t), viewed as a bilinear 
map on the tangent space of DM at x, and X{U{x,t)) be the eigenvalues with 
respect to the induced metric of {M^,g) on dM. Similarly one can define U{x,t) 
and X{U,{x,t))- On SMt, we define that 

F([[7,-ii,]) := hm f{X{U),R,-ut). 

it—foo 

Due to Trudinger |18j . we need only show that the following quantity 
^■=, (Fi[U,-Ut]){x,t)-'ilj{x,t)) 

{x,t)eSMT \ / 
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is positive (see i)- We can assume that m is finite. Note that F is concave, and 
it is easily seen that the following holds 

ti:= min (F{[U,—Uf]){x,t) — >0, 

(x,t)£SMT V / 

and h may equal to infinity. Without loss of generality we assume m < h/2. Suppose 
m is achieved at a point (a;o,to) S SMt- Now we give some notations. Choose a 
local orthonormal frame ei..., e„ around xq as before, that is e„ is normal to dM. 
Therefore locally we have U = {Uap}, where 1 < a, f3 < n — 1. We denote that 
Fq^ is the first order derivative of F with respect to Uap at (xo,to), and FJ is the 
first order derivative of F with respect to —Ut at (a;o,to)- 
By (|5.1I1 we have on SMt, 


(5.7) U0.(3 — LL^(3 Vn(n 

where CTq/j = (Vae^,e„); note that 0-^/3 = n{ea,ep) on SMt- Since on SMt we 
have u^ = ut, it follows that at {xo,to), 

V„(n - u)Ffaop =Ff{U^^ - Uop) > F[U^p, -u,] - F[Uop, -Ut] 

(5.8) 

= ~'MLt\ — ^p — rn>h — m. 


Setting r] = F^^aop which is well defined in M|., by (15.8p we obtain 

H 


(5.9) 


ri{xo) > 


2Vniu - u){xo,to) 


> eih > 0 


for some uniform ei > 0. 
Let 


Q = Fq^(i1^p - Uap{xo,to)^ + Fg(ut{xo,to) - + ip{xo,to) - '0(a;,t), 


and we see that Q is well defined in M^ for small S . Since F is concave, we have 
on SMt 

FQ^fUap-Uap(xo,to)) - Fg fut - Ut(xo,to)) - F(U) + F{U{xq, to)) 

(5.10) ^ ^ ^ ^ 

>F{[Uop,-Ut])-FiU)-m>0. 

We define 

<P = -rjVniu - u) + Q; 

it follows from (15.101) and (15.7|) that <l>{xo,to) = 0 and ^ > 0 on SMt- For (x,0) S 
BM^ we have 

0) > ^(i, 0) — Cd{x) > —Cd{x), 

where C depends on norms of V^u, ip, (ft, and x G dM such that d{x) = 
distM{x,x) - Besides with some calculation, we have 


(5.11) C^<C 

Therefore, applying Proposition [531 Proposition 12.41 and Lemma lOI again, as well 
as choosing Ai A 2 ^ 1, we derive 

£ (If + ^>) < 0 in M^, 

F + <P>0 on VM^- 


(5.12) 
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By the maximum principle, •f' + ^ > 0 in M^. Thus V„<?(xo, to) > — Vntf'(a:o, to) > 
—C. While we also have 

(5.13) - C < V„^(a;o, to) < ( - ^nnu{xo, to) + C. 

This with (15.91) yields that 

C 

S/nnU{xo,to) < —■ 
eih 

By now we have got a priori upper bounds for all eigenvalues of {Uij{xo, to)} and 
hence the eigenvalues are contained in a compact subset of T by (EH). Therefore 
by (II.3|) we obtain m > 0 (for the detailed proof one can see [10]). This completes 
the proof of Theorem 11.11 


6. Gradient estimates 


We now deal with the interior estimates of |Vu| with conditions appeared in 
Guan |7] and Li |16j respectively which correspond to the two cases in Theorem 

0 

Case (i): we set 

W = sup \Vu\(j)~^, 

{x,t)^MT 

where (j) = —u + sup u + 1 and (5 < 1 a positive constant. It suffices to estimate 
W. We may assume W is achieved at (a;o,to) € Mt — VMt- Choose a smooth 
orthonormal local frame ei,..., about xq as before such that Ve^ej = 0 at a;o. 
Assume U{xQ,to) is diagonal. Differentiating the function logw — <5log</> at (xo,to)i 
where uj = |Vit|, we obtain, 


( 6 . 1 ) 


LO 



for every i = 1,.. 


n. 


( 6 . 2 ) 
and 
(6.3) 

Next, by (16.11) and (12.11) 


ujt S(j)t 


> 0 , 


UJ 


Vuuj (6- 

- UJ ((.2 ^ ■ 


ujS/iiUj = {S/iiiU + R%iS/ku)S/iu + ViiuViiu - 


S^uj^iVicjjy 


(6.4) 


>VlU^^VlU-C\Vu\'^- 


52a;2(Vi(^)2 


Now multiply on both side of (16.3|) and substitute (16.4|) in it. It follows that 
(6.5) 


0 > -^F^^ViuyiUu - 


Now compute F^^ViuS/iUu using (14.4|) . With (16.21) we have 


i5a;2 


(6.6) F^^ViuViUu = ViujIj,, + F^ViuViut > -G|Vm| + —F^cjjt 
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Therefore, in view of (I6.5p and (I6.6p . we obtain 

(6.7) 0 > - C(1 + ^ F”) + ~f ^ F"|V,(/)p. 


Besides by m, we have 

(6.8) ^ - F^ut - > -C(l + ^ F" + F"). 

Without loss of generality, we may assume |Vu(xo,to)| < nViu{xo,to)- By (16.11) 
and noting that 17(xo,to) is diagonal, we derive at (xo,to) 


(6.9) 




k>2 


VkUXik _ 
Viu 


2<^ 


+ Xii — 


(5|Vi 


2(j) 


Therefore, if |Vu| is sufficiently large (otherwise we are done), by (I1.14L we obtain 
F"(V,u) 2 >F“|Viup >uo/n2|Vup(l + ^/, + /,). 


Choosing 0 < i 5 < ^ and substituting the above inequality and ( 16.811 in ( 16 . 7 L then 
it follows |Vu(xo,to)| < C, and C depends on |■*/'lcl(l\ 77 )’ I'“Ic“(Mt)’ and other 
known data. 

Case (ii): Since {M'^,g) has nonnegative sectional curvature, under an orthonor¬ 
mal local frame, i.e. kuVlU > 0. In the proof of case (i), we therefore have in 

place of (EH), 

( 6 . 10 ) wVjiW > (V/jiM -I- Ffi;VfcM)V/u > ViuSJiUi^ - ClVitl. 


Taking (j) 
obtain 

( 6 . 11 ) 


= u — u + sup \u 

r 

0 > —Ciu — 
9 


— u| -|- 1 and (5 < 1, by (EH, (16.311 . (16.611 and (16.1011 . we 


Now if A[[/(a;o, to); ~Wt(a;o, to)] > R, by Theorem 12.11 we may derive a bound for 
|Vit(a;o,to)|. If A[17(a;o, to), —Mt(a;o, to)] < F, since jut] < C where C is independent 
of jVuj, by (11.51) . there exists a positive constant Co such that < {F®-^} < CqI, 
where I is the unit matrix in the set of n x n symmetric matrices §". It follows 
from (16.1111 that 


0 > - u)P - ^(1 + nCo). 

Co(p lVit| 

This proves |VM(a;o,to)| < C for S < 1. Thus Theorem 11.21 is completed. 

Acknowledgement: The authors wish to thank Doctor Heming Jiao for many 
insightful suggestions and comments. 
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